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GLMM

Independent-cluster GLMM

Response variable
(vijlwi)~ explyimni; — b(nij) + c(vi)}

T
Nij = Zjj(Bo + u;) + xiTjﬁ1
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GLMM

Independent-cluster GLMM

Response variable Random effects
(vij|ue)~ explyymy — b(ny;) + c(v3;)) 1, ~N(0,X)

77ij — Z’lrj(ﬁo + ui) + x’lrjﬁl d-dimensional
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GLMM

Independent-cluster GLMM

Response variable

Random effects

T
Nij = Zjj(Bo + u;) + xiTjﬁ1

(ijlwi)~ explyimi — b(nij) + c(vi))]

Uu; NN(O, Z)

d-dimensional

(Full) log-likelihood

(B0, B1,X) = i log fRd l_lf(Yij"ui)f(;i)
i=1 _

\

dui
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GVA

Variational approximation

For any density q(-), the following holds:

fyiw)
logf(y) = ] lo { : q(u;)du; + j log
R4 CI( l)
%r_/ \ v J
Log-likelihood Variational log-likelihood
component for y; component for y;

Gaussian Variational Approximation Asymptotics for Generalised Linear Mixed Models

q(u;)
fu;ly:)

} q(u;) du;




GVA

Variational approximation

For any density q(-), the following holds:

i) q(u;)

logf(y;)) = j lo { u;)du; + j lo u;) du;
l R4 CI( l) ( l) l R4 o8 f( llyl) ( l) l

H—j \ v J

Log-likelihood Variational log-likelihood
component for y; component for y;
Choose g(:) so that the faster to compute than q a good approximation of
variational log-likelihood is... the log-likelihood an the log-likelihood
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GVA

Variational approximation

For any density q(-), the following holds:

foyou )} j { q(u;) }
lo : = j lo w;))du; + lo u;) du;
gf(yi) » { (L) (u;) du; B\ Fawsy) q(u;) du;
%r_/ \ v J
Log-likelihood Variational log-likelihood
component for y; component for y;

Avoid multidimensional

integration
Choose g(:) so that the faster to compute than
variational log-likelihood is... the log-likelihood
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GVA

Variational approximation

For any density q(-), the following holds:

i, uy) Cq(u)
logf(y;)) = j lo { u;)du; + j lo u;) du;
gf yl ]Rd q( 1) ( l) l ]Rd g f(ulb’l) ( l) l
%r_/ \ v J N \ J
Log-likelihood Variational log-likelihood Kullback-Leibler divergence
component for y; component for y; (Non-negative quantity)

KL divergence
near zero

\ 4

Choose g(:) so that the

variational log-likelihood is...

a good approximation of
the log-likelihood
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GVA

Gaussian variational approximation (GVA)

“Variational parameters”
“Tuning parameters”

Choose q(u;) = q(u;; 1y, A;) = N(uy, A;) density

f Qi) q(u;)

logf(y;)) = j lo { q(u;))du; + j log u;) du;
l R4 CI( l) l l R4 f(ullyl) ( l) l
%{_J \ v J N \ J
Log-likelihood Variational log-likelihood Kullback-Leibler divergence

component for y; component for y; (Non-negative quantity)

Does choosing a Gaussian avoid multidimensional d result in a KL divergence

variational density... integration an near zero?
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GVA

Gaussian variational approximation (GVA)

“Variational parameters”
“Tuning parameters”

Choose q(u;) = q(u;; 1, A;) = N(u;, A;) density

fow)
]Rdl { q( l) } (ul) dui

- i jR b (’7” T {ZiTinZij}l/ZS) P(s) ds
j=1

L1 ) 1 1
+yim; +510g[Z A | — S E7 ey — S tr(Z71Ay) + const.

Ormerod and Wand (2012)

Does choosing a Gaussian avoid multidimensional

- . : : Yes!
variational density... integration?
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GVA

Gaussian variational approximation (GVA)

Choose q(u;) = q(u;; 1, A;) = N(u;, A;) density

“Variational parameters”
“Tuning parameters”

q(u;) | |
fRd IOg{f(uAyi)}C’(“l) a;

?

N(p;, A) =~ f(u;ly:)

Does choosing a Gaussian
variational density...

result in a KL divergence
near zero?
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GVA

Gaussian variational approximation (GVA)

“Variational parameters”
“Tuning parameters”

q(u;) | |
fRd log {f(uﬂyi)}““l) a;

Choose q(u;) = q(u;; 1, A;) = N(u;, A;) density

. ©
N, Ay) ~ f(uly)
H_/
Asymptotically normal
(Bernstein-von Mises Theorem)

Does choosing a Gaussian resultin a KL divergence It seems
variational density... near zero? promising!
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Key question

Gaussian variational approximation (GVA)

“Variational parameters”
“Tuning parameters”

j log{ i) }q(uadui
]Rd

Choose q(u;) = q(u;; 1, A;) = N(u;, A;) density

fQuly:)
.. ©
N, Ay) ~ f(uly)
i; = Eluly;] A; = Var[uly;] .

Asymptotically normal
Useful for random effects (Bernstein-von Mises Theorem)
estimation and inference?

Does choosing a Gaussian resultin a KL divergence It seems
variational density... near zero? promising!
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Key question

Using variational parameters for inference

Gaussian Variational Approximate Inference
for Generalized Linear Mixed Models

Ormerod and Wand 2012

Variational Approximations for
Generalized Linear Latent Variable Models

Hui, Warton et al. 2017

Semiparametric Regression
Using Variational Approximations

Hui, You et al. 2019

® and A, can be used for predicting
the random effects and measuring their variability.

a serves as the variational version of both the
empirical Bayes and maximum a-posteriori estimate of the

smoothing coefficients, while A is an estimate of the posterior
covariance matrix.

a; can be used as the point predictions and A; can be used to
construct prediction regions around these points.
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Key question

Research question

Response variable Random effects
(v3]wi)~ explyimy — b(mi) + c(v1))) 1u;~N (0, 52)
— :80 4+ lglx" one-dimensional
— [ Lj

Variational parameter estimates

a; =~ Elwly] ;= Var[y;|y;]

)

s [,ul + o1 /2! / ] a good confidence interval for u;?
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Key findings

Simulation setup

-

o

1000 simulated

datasets

Bernoulli random intercept model

(yij|ul-)~Bern(e”iJ'/{1 + elij})

Nij = Bo + Uy + Prxij x~N0OD)

Random effec

~

ts

u;~N(0,0?)

one-dimensional

/
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Key findings

Simulation setup

~

4 Bernoulli random intercept model Random effects

Y~ Nij nij
1003 stimu.lcated (ylllul) Bern(ev/{1 + '9}) u;~N(0,0%)
atasets

one-dimensional

Nij = Bo +u; + Brx;; x;~N©O1)

= -1 1 =1
\ Bo B /

1000 sets of A A .o . A A A ~ 2
{GVA estimates ('80’ '81’0-2"[’[1’/11' ”2'/121 o Um) Am) ]
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Key findings

Simulation setup

-

Bernoulli random intercept model Random effects\
. Nu:Y~B nij /11 Nij
1000 simulated (vij|ui)~Bern(ei /{1 + e} u~N(0, qz)
datasets i = :80 +u; + lglxij xi;~N(0,1) one-dimensional
\ Bo=—1 pr=1

/

1000 sets of 5 5 A2 A~ 5 A % o
[GVA estimates (,80: B1,0°, [, A1, lzy Ay, ey i, ﬂm) ]
Empirical coverage 1 « =0l
. A -1 "1/2
probability 1000 #{ul € [“1 T @1og/al ]}
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Key findings

Simulation setup

/ )

Bernoulli random intercept model Random effects\
. Nu:Y~B nij /11 Nij
1000 simulated (vij|ui)~Bern(ei /{1 + e} u~N(0, qz)
datasets i = :80 +u; + lglxij xi;~N(0,1) one-dimensional
\ Bo=—1 pr=1

/

Repeat for different

v . m (number of clusters)
1000 sets of and

3 By 6% 00 A i A ) 7 (average cluster size

GVA estimates ('80’ B1,07, [, A1, iz, A2, ""'“m"lm) ( g )
Empirical coverage 1 @ =01

. ~ -1 21/2
probability 1000 #{ul € [“1 T @1og/al ]}
J
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Key findings

Coverage for u,

Confidence interval: [ﬁl + CD1_—10.1/2/11/2]

Cluster size (nqy = n)
n10 20 40 80 160 320

m
10
Undercoverage < » Overcoverage
20 Coverage 0.862 0.900 0.938
Numberof 4040 S.E. -4 0 +4

clusters (m)
80

160 -

320 - 0.895 | 0.882 | 0.893 | 0.878 | 0.883 | 0.863
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Key findings

Variational mean asymptotics

If m,n — oo, then under certain regularity conditions... | -
v(u) = n—iZVar[yij|u]
1|1 & 1 (v <
. U, Z 1 .-1
U E == ) Up|+ = Elviiuil )| + Op(maxym™", n;
:ul l \/ﬁ \/mkz:l k \/n—l \/n—l j:1(yl] [yl]| l]) p( { l })
A B
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Key findings

Variational mean asymptotics

If m,n — oo, then under certain regularity conditions...

) 1|1 < 1 [vu) < L
.“i_ui=\/_m l\/_m;uk +\/n_i NG ;(yij—ﬁ[yiﬂui]) +0p(max{m L 1})

A B

- Asymptotic distributions
Conditional on...

A B i — u

Allof uq, ..., uy,

Only u;

None of uq, ..., Uy,
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Key findings

Variational mean asymptotics

If m,n — oo, then under certain regularity conditions...

) 1|1 < 1 [vu) < L
.“i_ui=\/_m l\/_m;uk +\/n_i NG ;(yij—ﬁ[yiﬂui]) +0p(max{m L 1})

A B

- Asymptotic distributions
Conditional on...

A B i — u
v\u;

Allof Uy, ..., Uy, N1, ( l))
n;

Only u;

None of uq, ..., Uy,
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Key findings

Variational mean asymptotics

If m,n — oo, then under certain regularity conditions...

) 1|1 < 1 [vu) < L
.“i_ui=\/_m l\/_m;uk +\/n_i NG ;(yij—ﬁ[yiﬂui]) +0p(max{m L 1})

A B

- Asymptotic distributions
Conditional on...

A B i — u
v(u;
Allof Uy, ..., Uy, N(ﬂ, ( l))
n;
v(u;) o?
Onlyui N(O, ( l)+ )
n; m

None of uq, ..., Uy,
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Key findings

Variational mean asymptotics

If m,n — oo, then under certain regularity conditions...

) 1|1 < 1 [vu) < L
.“i_ui=\/_m l\/_m;uk +\/n_i NG ;(yij—ﬁ[yiﬂui]) +0p(max{m L 1})

A B

- Asymptotic distributions
Conditional on...

A B i —uy
v(y;
All of Uy, ..., Uy, N(ﬂ, ( l))
n;
v(u;) o?
Only w; N(O, (nl)+ m)
i
v(z) o?
None of uq, ..., Uy, fN(O, o +E)N(Z; 0,0%)dz
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Key findings

Variational variance asymptotics

Asymptotic distribution of

Conditional on... 0 — u Plug-in confidence interval Targeted quantity

C—

v(u;
All of uq, ..., Uy, N( ( J)
v(u
Only u; ( ( l) )
( 2

None of Uy, ..., Up, N(Z 0,0%)dz
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Key findings

Variational variance asymptotics

If m,n — oo, then under certain regularity conditions...

Ai = n; + Op(ni )

Conditional on... Asymptotllzc d'jnbu“on of Plug-in confidence interval Targeted quantity

C— U

v(u;
Allof uy, ..., Uy, N( ( J)
v(u
Only u; ( ( l) )
0, "4

None of uq, ..., Uy, f <

)N(z 0,062%)dz
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Key findings

Variational variance asymptotics

If m,n — oo, then under certain regularity conditions...

Conditional on... Asymptotllzc d'jnbu“on of Plug-in confidence interval Targeted quantity
i — Ui
All of y (528 1+ o7t M2 i
oTuy, ..., Un u, n, [:ul - T1-a/2’ ] U —u
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Key findings

Variational variance asymptotics

If m,n — oo, then under certain regularity conditions...

~ vy _
A = ( ‘)+0p(ni 3/2y
n;
Conditional on... Asymptotllzc d'jnbu“on of Plug-in confidence interval Targeted quantity
i T U
v(u;) o? A -1 3 A2 1/2
Only u; N|O, o + — |2 + Dy (4 +64/m) ] U;
l
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Key findings

Variational variance asymptotics

If m,n — oo, then under certain regularity conditions...

L= 40 /2y
l
Conditional on... Asymptotllzc d'jnbu“on of Plug-in confidence interval Targeted quantity
i T U
v(z) o2 ,
None of uq, ..., Uy, fN 0,——+— N(z0,0%)dz [j; + quantile of mixture dsn] U;
l
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Key findings

Revisiting coverage for u4

[/i; + quantile of mixture dsn]|

. . _ ~1/2 . _ A A
Cluster size lul + 431_10_1/2/11/ ] [#1 * cI’1—10.1/2 (4 + Uz/m)l/zl

(n, = n)

n10 20 40 80 160 320

Number of m
clusters (m) 1o

20

404 0.

80 - 0.887 | 0.882 | 0.876

160 - 0.889 | 0.880 | 0.890

320 1 0.895 | 0.882 | 0.893 0.883 | 0.863

Coverage 0.862 0.900 0.938
S.E. -4 0 +4
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Key findings

Revisiting coverage for u4

Cluster size lﬁl + CI>1__10_1/221/2] [,ﬁl + Cbl__lo_l/z (1, + 62/m)1/2] [, £ quantile of mixture dsn]
(ny =n)
Number of n10 20 40 80 160 320 ni10 20 40 80 160 320

m
clusters (m) 1o

20

40 - 0.879 | 0.876 | 0.895 | 0.890 | 0.890 | 0.903

40 -

80 4 0.887 | 0.882 | 0.876 80 - 0.892 | 0.893 [ 0.895 | 0.890 | 0.892 | 0.911

160 - 0.889 | 0.880 | 0.890 160 - 0.891 | 0.883 | 0.899 | 0.883 | 0.900 | 0.900

320 - 0.895 | 0.882 | 0.893 0.883 | 0.863 320 - 0.896 | 0.884 | 0.900 | 0.884 | 0.899 | 0.896

Coverage 0.862 0.900 0.938
S.E. -4 0 +4
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Key findings

Revisiting coverage for u4

Cluster size l/ftl + CI>1__10_1/221/2] [,ﬁl + Cbl__lo_l/z (1, + 62/m)1/2] [, £ quantile of mixture dsn]
(ny =n)
n10 20 40 80 160 320 n10 20 40 80 160 320 n10 20 40 80 160 320
Number of

m
clusters (m) 1o

0.914 | 0.891

0.926 | 0.914 | 0.886 | 0.895 | 0.881

20

40 4(0 - 0.879 | 0.876 | 0.895 | 0.890 | 0.890 | 0.903 40 0.927 | 0.908 | 0.898 | 0.901

80 - 0.887 | 0.882 | 0.876 80 4 0.892 | 0.893 | 0.895 | 0.890 | 0.892 | 0.911 80 0.934 | 0.903 | 0.903 | 0.911

160 - 0.889 | 0.880 | 0.890 160 - 0.891 | 0.883 | 0.899 | 0.883 | 0.900 | 0.900 160 0.928 | 0.908 | 0.905 | 0.895

320 - 0.895 | 0.882 | 0.893 0.883 | 0.863 320 - 0.896 | 0.884 | 0.900 | 0.884 | 0.899 | 0.896 320 0.931 | 0.907 | 0.908 | 0.896

Coverage 0.862 0.900 0.938
S.E. -4 0 +4
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Key findings

Answer to research question*®

s [,ul + o1 Za/2/t / ] a good confidence interval for u;?

It has good coverage if m dominates n;

BUT

we do similarly or better by using the adjusted variance 1; + §%/m

*In the context of a random intercept independent-cluster GLMM

Gaussian Variational Approximation Asymptotics for Generalised Linear Mixed Models



Other findings

Other findings™

Inference for...

Model
parameters | GVA estimation is asymptotically fully efficient
130113110_2

Random

effects X
u; glmmTMB confidence interval is similar to [,ul- + CI)l_la/2 (1; + 32/m)1/2]

1me4 confidence interval is similar to [,ul + ¢ - a/lel/z]

Linear

predictor [7711 + @, - a/z/l-] has good coverage for large enough m, n;
= o + u; + B1xy5

*In the context of a random intercept independent-cluster GLMM
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Thank you!

| am sponsored by the SSA PhD top-up scholarship.

Stot_isﬁcal
Society of
Australia
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