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Response variable Random effects𝑖 =

⋮

1 2 ⋯𝑗 =2 ⋯ ⋯ 𝑛2

⋮

𝑦𝑖𝑗 𝒖𝑖 ~ exp 𝑦𝑖𝑗𝜂𝑖𝑗 − 𝑏 𝜂𝑖𝑗 + 𝑐 𝑦𝑖𝑗
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𝑇 𝜷1

𝒖𝑖~𝑁(𝟎, 𝚺) 
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For any density 𝑞(⋅), the following holds:

log 𝑓 𝒚𝑖  =  න
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log
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Variational log-likelihood
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Log-likelihood
component for 𝒚𝑖
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faster to compute than 
the log-likelihood

Choose 𝑞 ⋅  so that the 
variational log-likelihood is…

a good approximation of 
the log-likelihoodand

For any density 𝑞(⋅), the following holds:
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avoid multidimensional 
integration

Does choosing a Gaussian
variational density…

result in a KL divergence
near zero?and

Choose 𝑞 𝒖𝑖 ≔ 𝑞 𝒖𝑖; 𝝁𝑖 , 𝚲𝑖 = 𝑁 𝝁𝑖 , 𝚲𝑖  density “Variational parameters”
“Tuning parameters”
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component for 𝒚𝑖
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avoid multidimensional 
integration?

Does choosing a Gaussian
variational density…

result in a KL divergence
near zero?and
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“Tuning parameters”

Yes!

Ormerod and Wand (2012)

Choose 𝑞 𝒖𝑖 ≔ 𝑞 𝒖𝑖; 𝝁𝑖 , 𝚲𝑖 = 𝑁 𝝁𝑖 , 𝚲𝑖  density
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avoid multidimensional 
integration

Does choosing a Gaussian
variational density…

result in a KL divergence
near zero?and

“Variational parameters”
“Tuning parameters”

𝑁(ෝ𝝁𝑖 , ෡𝚲𝑖) ≈ 𝑓 𝒖𝑖 𝒚𝑖

☺

Asymptotically normal
(Bernstein-von Mises Theorem)

It seems
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avoid multidimensional 
integration

Does choosing a Gaussian
variational density…

result in a KL divergence
near zero?and

“Variational parameters”
“Tuning parameters”

It seems
promising!

ෝ𝝁𝑖 ≈ 𝔼 𝒖𝑖 𝒚𝑖  ෡𝚲𝑖 ≈ Var[𝒖𝑖|𝒚𝑖]

Useful for random effects
estimation and inference?

log 𝑓 𝒚𝑖  =  න
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log
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log
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Choose 𝑞 𝒖𝑖 ≔ 𝑞 𝒖𝑖; 𝝁𝑖 , 𝚲𝑖 = 𝑁 𝝁𝑖 , 𝚲𝑖  density

𝑁(ෝ𝝁𝑖 , ෡𝚲𝑖) ≈ 𝑓 𝒖𝑖 𝒚𝑖

☺

Asymptotically normal
(Bernstein-von Mises Theorem)
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Gaussian Variational Approximate Inference 
for Generalized Linear Mixed Models

Ormerod and Wand 2012

Variational Approximations for
Generalized Linear Latent Variable Models

Hui, Warton et al. 2017

Semiparametric Regression 
Using Variational Approximations

Hui, You et al. 2019
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Response variable Random effects

𝑦𝑖𝑗 𝑢𝑖 ~ exp 𝑦𝑖𝑗𝜂𝑖𝑗 − 𝑏 𝜂𝑖𝑗 + 𝑐 𝑦𝑖𝑗

𝜂𝑖𝑗 = 𝛽0 + 𝑢𝑖 + 𝛽1𝑥𝑖𝑗

Ƹ𝜇𝑖 ≈ 𝔼 𝑢𝑖 𝒚𝑖  መ𝜆𝑖 ≈ Var[𝑢𝑖|𝒚𝑖]

𝑢𝑖~𝑁(0, 𝜎2) 
one-dimensional

Variational parameter estimates

Is Ƹ𝜇𝑖 ± Φ1− Τ𝛼 2
−1 መ𝜆𝑖

1/2  a good confidence interval for 𝑢𝑖?
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Bernoulli random intercept model Random effects

𝑢𝑖~𝑁(0, 𝜎2) 
one-dimensional

𝑥𝑖𝑗~𝑁(0,1)

1000 simulated
datasets

𝑦𝑖𝑗 𝑢𝑖 ~𝐵𝑒𝑟𝑛 Τ𝑒𝜂𝑖𝑗 1 + 𝑒𝜂𝑖𝑗

𝜂𝑖𝑗 = 𝛽0 + 𝑢𝑖 + 𝛽1𝑥𝑖𝑗

𝛽0 = −1 𝛽1 = 1
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Random effects

መ𝛽0,  መ𝛽1, ො𝜎2, ො𝜇1, መ𝜆1, ො𝜇2, መ𝜆2, … , ො𝜇𝑚, መ𝜆𝑚

𝑢𝑖~𝑁(0, 𝜎2) 
one-dimensional

𝑥𝑖𝑗~𝑁(0,1)

1000 simulated
datasets

1000 sets of 
GVA estimates
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datasets

1000 sets of 
GVA estimates

Empirical coverage
probability

1

1000
⋅ # 𝑢1 ∈ ො𝜇1 ± Φ1− Τ𝛼 2

−1 መ𝜆1
1/2
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𝛼 = 0.1

Bernoulli random intercept model
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Random effects

መ𝛽0,  መ𝛽1, ො𝜎2, ො𝜇1, መ𝜆1, ො𝜇2, መ𝜆2, … , ො𝜇𝑚, መ𝜆𝑚

𝑢𝑖~𝑁(0, 𝜎2) 
one-dimensional

𝑥𝑖𝑗~𝑁(0,1)

1000 simulated
datasets

1000 sets of 
GVA estimates

Empirical coverage
probability

1

1000
⋅ # 𝑢1 ∈ ො𝜇1 ± Φ1− Τ𝛼 2

−1 መ𝜆1
1/2

𝑦𝑖𝑗 𝑢𝑖 ~𝐵𝑒𝑟𝑛 Τ𝑒𝜂𝑖𝑗 1 + 𝑒𝜂𝑖𝑗

𝜂𝑖𝑗 = 𝛽0 + 𝑢𝑖 + 𝛽1𝑥𝑖𝑗

𝛽0 = −1 𝛽1 = 1

Repeat for different
𝑚 (number of clusters) 

and
ത𝑛 (average cluster size)

Bernoulli random intercept model

𝛼 = 0.1
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Confidence interval: Ƹ𝜇1 ± Φ1− Τ0.1 2
−1 መ𝜆1

1/2

Number of
clusters (𝑚)

Cluster size (𝑛1 = ത𝑛)

Undercoverage Overcoverage
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Ƹ𝜇𝑖 − 𝑢𝑖 =
1

𝑚

1

𝑚
෍

𝑘=1

𝑚

𝑢𝑘 +
1

𝑛𝑖

𝑣(𝑢𝑖)

𝑛𝑖
෍

𝑗=1

𝑛𝑖

𝑦𝑖𝑗 − 𝔼 𝑦𝑖𝑗 𝑢𝑖 + 𝑂𝑝 max 𝑚−1, 𝑛𝑖
−1

If 𝑚, ത𝑛 → ∞, then under certain regularity conditions…

A B
Similar results seen in:
Hall, Pham et al. 2011 (GVA with Poisson response)
Ning, Hui and Welsh 2025 (Penalised quasi-likelihood)

𝑣 𝑢 =
1

𝑛𝑖
෍

𝑗=1

𝑛𝑖

var 𝑦𝑖𝑗 𝑢

−1
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Ƹ𝜇𝑖 − 𝑢𝑖 =
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𝑚

1

𝑚
෍

𝑘=1

𝑚
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𝑣(𝑢𝑖)
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𝑗=1
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𝑦𝑖𝑗 − 𝔼 𝑦𝑖𝑗 𝑢𝑖 + 𝑂𝑝 max 𝑚−1, 𝑛𝑖
−1

If 𝑚, ത𝑛 → ∞, then under certain regularity conditions…

Conditional on…
Asymptotic distributions

A B Ƹ𝜇𝑖 − 𝑢𝑖

All of 𝑢1, … , 𝑢𝑚

Only 𝑢𝑖

None of 𝑢1, … , 𝑢𝑚

A B
Similar results seen in:
Hall, Pham et al. 2011 (GVA with Poisson response)
Ning, Hui and Welsh 2025 (Penalised quasi-likelihood)

𝑣 𝑢 =
1

𝑛𝑖
෍

𝑗=1

𝑛𝑖
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−1
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GLMM      GVA      Key question      Key findings      Other findings

Conditional on… Asymptotic distribution of 
Ƹ𝜇𝑖 − 𝑢𝑖

Plug-in confidence interval Targeted quantity

All of 𝑢1, … , 𝑢𝑚 𝑁 ത𝑢,
𝑣 𝑢𝑖

𝑛𝑖

Only 𝑢𝑖 𝑁 0,
𝑣 𝑢𝑖

𝑛𝑖
+

𝜎2

𝑚

None of 𝑢1, … , 𝑢𝑚
න 𝑁 0,

𝑣 𝑧

𝑛𝑖
+

𝜎2

𝑚
𝑁 𝑧; 0, 𝜎2 𝑑𝑧

𝑣 𝑢 =
1

𝑛𝑖
෍

𝑗=1

𝑛𝑖

var 𝑦𝑖𝑗 𝑢

−1
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If 𝑚, ത𝑛 → ∞, then under certain regularity conditions…

መ𝜆𝑖 =
𝑣 𝑢𝑖

𝑛𝑖
+ 𝑂𝑝(𝑛𝑖

− Τ3 2)
Similar result seen in:
Hall, Pham et al. 2011 (GVA with Poisson response)
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+

𝜎2

𝑚

None of 𝑢1, … , 𝑢𝑚
න 𝑁 0,

𝑣 𝑧

𝑛𝑖
+

𝜎2

𝑚
𝑁 𝑧; 0, 𝜎2 𝑑𝑧

𝑣 𝑢 =
1

𝑛𝑖
෍

𝑗=1

𝑛𝑖
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−1
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𝑣 𝑢 =
1

𝑛𝑖
෍

𝑗=1

𝑛𝑖
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GLMM      GVA      Key question      Key findings      Other findings

Ƹ𝜇1 ± Φ1− Τ0.1 2
−1 መ𝜆1

1/2

Number of
clusters (𝑚)

Cluster size
(𝑛1 = ത𝑛)

Ƹ𝜇1 ± quantile of mixture dsnƸ𝜇1 ± Φ1−0.1/2
−1 ( መ𝜆1 + ො𝜎2/𝑚) Τ1 2
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Ƹ𝜇1 ± Φ1− Τ0.1 2
−1 መ𝜆1

1/2
Ƹ𝜇1 ± Φ1−0.1/2

−1 ( መ𝜆1 + ො𝜎2/𝑚) Τ1 2 Ƹ𝜇1 ± quantile of mixture dsn

Number of
clusters (𝑚)

Cluster size
(𝑛1 = ത𝑛)
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Ƹ𝜇1 ± Φ1− Τ0.1 2
−1 መ𝜆1

1/2
Ƹ𝜇1 ± Φ1−0.1/2

−1 ( መ𝜆1 + ො𝜎2/𝑚) Τ1 2 Ƹ𝜇1 ± quantile of mixture dsn

Number of
clusters (𝑚)

Cluster size
(𝑛1 = ത𝑛)
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GLMM      GVA      Key question      Key findings      Other findings

Is Ƹ𝜇𝑖 ± Φ1− Τ𝛼 2
−1 መ𝜆𝑖

1/2  a good confidence interval for 𝑢𝑖?

It has good coverage if 𝑚 dominates 𝑛𝑖

BUT

we do similarly or better by using the adjusted variance መ𝜆𝑖 + ො𝜎2/𝑚

*In the context of a random intercept independent-cluster GLMM



Other findings*
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GLMM      GVA      Key question      Key findings      Other findings

*In the context of a random intercept independent-cluster GLMM

Model 
parameters

𝛽0, 𝛽1, 𝜎2

Inference for…

GVA estimation is asymptotically fully efficient

Random 
effects

𝑢𝑖

Linear 
predictor

𝜂𝑖𝑗 = 𝛽0 + 𝑢𝑖 + 𝛽1𝑥𝑖𝑗

lme4 confidence interval is similar to Ƹ𝜇𝑖 ± Φ1− Τ𝛼 2
−1 መ𝜆𝑖

1/2

glmmTMB confidence interval is similar to Ƹ𝜇𝑖 ± Φ1− Τ𝛼 2
−1 ( መ𝜆𝑖 + ො𝜎2/𝑚) Τ1 2

Ƹ𝜂𝑖𝑗 ± Φ1− Τ𝛼 2
−1 መ𝜆𝑖  has good coverage for large enough 𝑚, 𝑛𝑖
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