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Introduction

@ Assume we have two subpopulations, diseased and disease-free
individuals; label the former group 1 and the latter group 2
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Test measurement frequency

° Disease—free

Test result measurement scale
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Test outcome
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Test outcome
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@ Let p; denote the probability of a positive outcome (response)
to the diagnostic test among the members of group i; we
assume independence within and between both groups
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@ In the terminology of diagnostic testing, p; is the test
sensitivity, and po is the probability of a false positive test
error, or 1 minus the test specificity
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@ Let p; denote the probability of a positive outcome (response)
to the diagnostic test among the members of group i; we
assume independence within and between both groups

@ In the terminology of diagnostic testing, p; is the test
sensitivity, and po is the probability of a false positive test
error, or 1 minus the test specificity

@ Since 1975, the ratios

P+ = p1/p2

and
p—=(1—p1)/(1— p2)

have been of particular interest to advocates of evidence-
based medicine
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Test outcome in diseased group

Negative Positive

Test measurement frequency

Test result measurement scale
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Test measurement frequency

Test outcome in disease—free group

Negative Positive

Test result measurement scale

David E. Matthews Diagnostic Test Likelihood Ratios



@ These functions of sensitivity and specificity have been called
the “likelihood ratio of a positive test result” and the
“likelihood ratio of a negative test result,” as a consequence
of the books by Lusted (1968) and Sackett et al. (1991)
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@ These functions of sensitivity and specificity have been called
the “likelihood ratio of a positive test result” and the
“likelihood ratio of a negative test result,” as a consequence
of the books by Lusted (1968) and Sackett et al. (1991)

Pr(disease|positive test)

Pr(no disease|positive test)
Pr(positive test|disease) Pr(disease)

Pr(positive test|no disease) ~ Pr(no disease)
Pr(disease)
P+ Pr(no disease)
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@ Suppose the test result is classified into K > 2 categories,
e.g., for iron-deficiency anemia, Guyatt et al. (1992) report

Serum ferritin concentration (ugm/L)

Group [0,15)  [15,25)  [25,35)  [35,45)  [45,100) > 100
Diseased 474 117 58 36 76 48
Disease-free 20 29 50 43 398 1320

David E. Matthews Diagnostic Test Likelihood Ratios



Test measurement frequency

Test outcome in diseased group

Test result measurement scale
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Test measurement frequency

Test outcome in disease—free group

Test result measurement scale

ikelihood Ratios
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@ By analogy with the case of K = 2 categories the
corresponding table of estimated DLRs for each of the serum
ferritin test result categories would be

Serum ferritin concentration (ugm/L)

Group [0,15)  [15,25)  [25,35)  [35,45)  [45,100) > 100

Estimated DLR 54.5 9.3 2.7 1.9 0.4 0.1
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Estimated diagnostic likelihood ratio

0.10 0.20 0.50 1.00 2.00 500 1000  20.00 50.00

0.05

10

20

Serum ferritin (Lg/L)

E. Matthews

Diagnostic Test




@ If we push the envelope for multiple categories to the limit,
then the corresponding DLR for each category becomes

lim .7'—1(X) - fl(X + h) _ fl(X) — )
h—0+ Fo(x) — Fa(x+ h)  f(x) X
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@ If we push the envelope for multiple categories to the limit,
then the corresponding DLR for each category becomes

lim .7'—1(X) - fl(X + h) _ fl(X) — )
h—0+ Fo(x) — Fa(x+ h)  f(x) X

@ Since each probability density function can be conveniently
expressed in terms of the corresponding hazard function, i.e.,

fi(x) = hi(x) exp { — /OX hi(s) ds}

this suggests we might be able to derive an empirical
likelihood-based solution to the problem of estimating py
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@ If we push the envelope for multiple categories to the limit,
then the corresponding DLR for each category becomes

lim .7'—1(X) - fl(X + h) _ fl(X) — )
h—0+ Fo(x) — Fa(x+ h)  f(x) X

@ Since each probability density function can be conveniently
expressed in terms of the corresponding hazard function, i.e.,

fi(x) = hi(x) exp { — /OX hi(s) ds}

this suggests we might be able to derive an empirical
likelihood-based solution to the problem of estimating py

@ Formulate the estimation problem using the two-sample
time-to-response framework of Kaplan-Meier (1958)
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An Empirical Likelihood Function for py

@ Denote the ordered, distinct response measurements in the
two samples by

Diseased x11 < x12 < --- < Xin

Disease-free x01 < X0 < -+ < Xom
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An Empirical Likelihood Function for py

@ Denote the ordered, distinct response measurements in the
two samples by

Diseased x11 < x12 < --- < Xin

Disease-free x01 < X0 < -+ < Xom

@ Let hj; denote the hazard function in sample /i at response
measurement x;;, i =1,2;j=1,...,n(m).
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An Empirical Likelihood Function for py
@ Denote the ordered, distinct response measurements in the
two samples by
Diseased x11 < x12 < -+- < X1
Disease-free xp1 < xp0 < -+ < Xom
@ Let hj; denote the hazard function in sample /i at response
measurement x;;, i =1,2;j=1,...,n(m).
@ Define dj; and rjj, the respective event and the risk sets in
sample / at response measurement x;;.
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An Empirical Likelihood Function for py
@ Denote the ordered, distinct response measurements in the
two samples by
Diseased x11 < x12 < -+- < X1
Disease-free xp1 < xp0 < -+ < Xom
@ Let hj; denote the hazard function in sample /i at response
measurement x;;, i =1,2;j=1,...,n(m).
@ Define dj; and rjj, the respective event and the risk sets in
sample / at response measurement x;;.

@ The nonparametric log-likelihood function for h = {hj;}, based
on these data, is

(h) = Y {dijloghy+ (nj — dij)log(1 — hi)}
j=1

+ Z{ko Iog h2k + (r2k — ko) Iog(l — h2k)}
k=1
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o Let t denote a fixed value of the response measurement;
represent the corresponding value of the DLR at x = t by p;
(but suppress the dependence on t subsequently); then

t t
log pr = log h1(t) — / hi(s) ds — log ha(t) +/ ha(s) ds ,
0 0
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o Let t denote a fixed value of the response measurement;
represent the corresponding value of the DLR at x = t by p;
(but suppress the dependence on t subsequently); then

t t
log pr = log h1(t) — / hi(s) ds — log ha(t) +/ ha(s) ds ,
0 0

@ Due to the discrete nature of the empirical log-likelihood
function, fixing the value of p; means we want to hold fixed
the quantity

(1) (1)
log pr = log hie — Y (1 — h1j) —log hae + > (1 — ha)
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o Let t denote a fixed value of the response measurement;
represent the corresponding value of the DLR at x = t by p;
(but suppress the dependence on t subsequently); then

t t
log pr = log h1(t) — / hi(s) ds — log ha(t) +/ ha(s) ds ,
0 0

@ Due to the discrete nature of the empirical log-likelihood
function, fixing the value of p; means we want to hold fixed
the quantity

(¥) (t)
log pr = log hie — Y (1 — h1j) —log hae + > (1 — ha)

@ Then /(p;), the profile log-likelihood for p;, can be obtained
by evaluating the constrained MLEs, hj;, that maximize
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®)
le(pe) = L+ &{loghe — Y log(1 — hyj)
(®)
—log hae + Y _ log(1 — ha) — log pi}

where £ is a Lagrange multiplier

David E. Matthews Diagnostic Test Likelihood Ratios



(1)
le(pe) = L+ &{loghe — Y log(1 — hyj)
(1)
—log hae + Y _ log(1 — ha) — log pi}
where £ is a Lagrange multiplier
@ The score equations for h = {h;,} that lead to the constrained

MLEs h = {/~7,-r}, are

/O = dij/hj—(rj—dij—&)/(1—hy)=0,

if xij <t,

= (dit+&)/ht— (e —di)/(L—h1e) =0
if x;j=1t

= dj/hy —(rj — dj)/(L = hy;) =0
if x>t
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Ol [Ohpi = dak/hok — (rak — do + &) /(1 — hak) = 0

if xop <t
= (d2t - 5)//721“ - ("2t - d2t)/(1 - h2t) =0
if xop =1t
= dox/hok — (rak — dok) /(1 — ho) =0
if xo >t
ie.,
hj = dij/(nj—¢), if xij <t
= (dit+&)/(ne+&), if xip =t
= dlj/"lj , if Xy >t
hok = dox/(rak +€), if xop <t
= (dok —&)/(rnk—&), if xo=t
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@ It follows that the LRS for log p¢, and hence for p;, is equal to

2{¢(h) — ¢(h)}
[1] h
— 22 |:d1j log(hyj/hyj) + (rij — ) log {i — I"Hj }]

_ hlj

(t]
—h
42" [daxlog(hae /Fas) + (rax — s log { — )]

(t)
= 22 [rlj log (1 — rélj) — (nj — dyj)log {1 B rij E dij }]

s £ o el ]

raj — dog

§ £
+2[r¢log (1+ a) — dyelog (1+ d_lt)

+ rp¢log (1 — é) — do¢log (1 — diﬂ)} )
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@ A 100(1 — @)% ClI for p; is found by solving the inequality

~2r(pe) < G
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@ A 100(1 — @)% ClI for p; is found by solving the inequality
—2r(pe) < clq

@ In practice, solve the equation
=2r(pt) = ci o

for the two zeros, £ < 0 and £, > 0; use these values to
calculate the corresponding lower and upper confidence
bounds for p;
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@ Via linear and quadratic expansions of various log functions,
we can show the LRS is approximately equal to

(log pe — log f¢)?
Vi ’

where

(t)
Ve = > {1/(nj—dy) = 1/nj} + (1/dhe — 1/r1e)
(t)
+> {1/(r2k — doj) = 1/rak} + (1/ ot — 1/ 1)
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@ Via linear and quadratic expansions of various log functions,
we can show the LRS is approximately equal to

(log pe — log f¢)?
Vi ’

where
(t)
Ve = > {1/(nj—dy) = 1/nj} + (1/dhe — 1/r1e)
(t)
+> {1/(r2k — doj) = 1/rak} + (1/ ot — 1/ 1)

@ This corresponds to the usual form of a Wald statistic, based
on the MLE, used to test a hypothesis concerning log relative
risk, i.e., log p¢
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An lllustrative Example

@ Wieand et al. (1989) report results of CA 19-9 (cancer
antigen) diagnostic test measurements. A total of 141
measurements were recorded, 51 from disease-free individuals

(with pancreatitis) and 90 from subjects with confirmed
pancreatic cancer.
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An lllustrative Example
@ Wieand et al. (1989) report results of CA 19-9 (cancer
antigen) diagnostic test measurements. A total of 141
measurements were recorded, 51 from disease-free individuals
(with pancreatitis) and 90 from subjects with confirmed
pancreatic cancer.

Pancreatic cancer

Group

Pancreatitis

O WTTOE WD 000D 0 ® 0 0

T T T T T
1 10 100 1000 10000

CA19-9 UmL.
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o If we fix the value of t at 21.8 U/mL
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o If we fix the value of t at 21.8 U/mL

Pancreatic cancer
a
g
[}

Pancreatitis
0 @ EEOTD @D YD © ®  © O
21.8 UimL
T T
1 10 100 1000 10000
CA19-9 UimL
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the resulting profile log-likelihood is

0.0
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I
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95% Cl - (0.03, 12.7)

Profile log likelihood function

-2.0
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0.01 0.1 1 5 10 50

Diagnostic likelihood ratio
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Concluding Remarks

@ In the absence of any distributional assumptions, empirical
likelihood provides a convenient basis on which to estimate
the DLR, py, for a continuous-scale test measurement
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@ Empirical likelihood has the advantage that it is
range-preserving, data-driven, and easy to construct; no
variance estimate is required, and the resulting point or
interval estimate is transformation-invariant
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Concluding Remarks

@ In the absence of any distributional assumptions, empirical
likelihood provides a convenient basis on which to estimate
the DLR, py, for a continuous-scale test measurement

@ Empirical likelihood has the advantage that it is
range-preserving, data-driven, and easy to construct; no
variance estimate is required, and the resulting point or
interval estimate is transformation-invariant

@ Sensible estimates can only be derived at test measurements
that are duplicated in both samples; additional assumptions,
such as smoothness, should alleviate this drawback
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Good medicine does not consist in the indiscriminate
application of laboratory examinations to a patient, but
rather in having so clear a comprehension of the
probabilities of a case as to know what tests may be of
value ... it should be the duty of every hospital to see
that no house officer receives his diploma unless he has
demonstrated . ..a knowledge of how to use the results in
the study of his patient.

Dr. George W. Peabody (1922)
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